Behaviour of entanglement and Cooper pairs under relativistic boosts 
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Recent work [I] has shown how single-particle entangled states are transformed when boosted in 
relativistic frames for certain restricted geometries. Here we extend that work to consider completely 
general inertial boosts. We then apply our single particle results to multiparticle entanglements by 
focussing on Cooper pairs of electrons. We show that a standard Cooper pair state consisting of a 
spin-singlet acquires spin-triplet components in a relativistically boosted inertial frame, regardless 
of the geometry. We also show that, if we start with a spin-triplet pair, two out of the three triplet 
states acquire a singlet component, the size of which depends on the geometry. This transformation 
between the different singlet and triplet superconducting pairs may lead to a better understanding 
of unconventional superconductivity. 
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The theories of quantum mechanics and special rela- 
tivity form the bedrock of modern physics and are both 
hugely successful in their own regimes. It is the mar- 
riage of these two theories that gives rise to quantum field 
theory, which is the most accurate description we have 
of physical reality. Quantum entanglement is often re- 
garded the fundamental feature that distinguishes quan- 
tum and classical physics and so it is important that we 
are able to describe it using a field theory approach. This 
requires us to understand how entanglement behaves un- 
der relativistic boosts. 

There has already been some work done on how two- 
particle entanglement changes when viewed from differ- 
ent inertial [2H6] and accelerating [7] frames. Recent work 
PQ has also considered the case of the entanglement be- 
tween the spin and velocity components of a single par- 
ticle and shown that single-particle (or mode [8HT0]) en- 
tanglement depends on the observer but persists right up 
to the speed of light. However this work only considered 
the very specific geometry that one of the boosts was or- 
thogonal to both the other boost and to the spin of the 
particle. In order to draw general conclusions about the 
nature of this effect, we need to extend the treatment 
to completely general geometries. An analysis of this is 
carried out in the first half of the paper. 

In the second half of the paper, we show how our single 
particle results could be used to study the behaviour of 
multiparticle entangled states under relativistic boosts. 
For definiteness, we focus on the case of Cooper pairs 
[TT] but the applicability extends well beyond this. This 
particular case is interesting because it allows us to un- 
derstand how superconductivity behaves under boosts 
when we know that the nature of the Cooper pairs is 
observer-dependent. In particular, we show that, for 
general geometries, there is a certain symmetry between 
spin-singlet and spin-triplet Cooper pairs. Relativistic 
boosts transform between them and the magnitudes of 
the different components depend on the geometry of the 
boosts. 



This is interesting because the vast majority of super- 
conductors including high T c cuprates can be explained 
at the microscopic level by the existence of spin-singlet 
Cooper pairs. A different class of superconductivity can 
be attributed to spin-triplet pairs of electrons, but these 
examples are extremely rare. One such example that 
has received a lot of attention since its triplet pairing 
was experimentally confirmed |12j is S^RuG^. This sug- 
gests that, among other things, a study of how entangle- 
ment behaves under relativistic boosts may give further 
insight into the nature of exotic superconductors. Al- 
though these effects are likely to be very small in most 
materials where the velocities involved are much smaller 
than the speed of light, c, it is important that they are 
understood and incorporated into a complete theory. 

Let us start our analysis by considering a massive spin- 
1 1 2 particle moving with velocity v% , which is viewed by 
a relativistic observer traveling at velocity V2- If the two 
velocities are not collinear, the overall transform is not 
simply a Lorentz boost, but also involves a rotation. The 
magnitude of this rotation depends on the values of Vi 
and i>2, and the axis of rotation, h = (n x , n y ,n z ), is given 
by, h = v?2 x vi . 

The unitary matrix representing this rotation was 
worked out by Wigner in a seminal paper in 1939 |13j . 
This theory is widely known and so we will not repeat 
it here but just quote the result, however, an excellent 
treatment can be found in [Mj. For spin-1/2 particles, 
the unitary transform that operates on the spin and cor- 
responds to the Wigner rotation is given by, 

U = (coslo)I — isinu; {n x a x + n y a y + n z a z ) , (1) 

where I is the identity operator and a x , a y and <r z are the 
Pauli spin operators. The angle of rotation, u, is given 

by [13 



2 



z A 




FIG. 1: Geometry of the boost scheme. A single spin-1/2 
particle is given a boost v\ followed by a boost vi- Without 
loss of generality we take these boosts to define the x — y plane 
with v\ pointing in the ^-direction. In general, the particle's 
spin can point in any direction relative to the boosts. We 
define the spin direction in terms of the inclination angle (f> 
and azimuthal angle 77 as shown in the figure. 

where 9 is the angle between v\ and V2, 
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and 7 i,2 = (l-K 2 /c) 2 ))- 1 / 2 . 

We will now begin by considering how single-particle 
states are transformed by two boosts and, for defmitc- 
ness, will consider velocity eigenstates and spin-1/2 par- 
ticles. For a completely general geometry, the three vec- 
tors Vi, i>2, and spin can each point in any direction. 
Without loss of generality, we can take the two boosts 
(vi and V2) to lie in the x — y plane. Furthermore, we 
can take v\ to lie along the y-axis (see Figure 1). The 
spin, of course, can point in any direction. Arranging 
things in this way, means that the rotation axis points in 
the z-direction and reduces to the simpler form, 

U = (coso;)/ — i(sm.u)a z . (4) 

The spin vector |f) and its antiparallel spin \l) can be 
written in terms of up and down spins along the z-axis, 
|t) and |4) as, 

If) = cos^|t)+*e-"'sin^||) (5) 

II) = -sin||t) +ie- i "co B |u) 1 (6) 

where the angles 4> and 77 are defined in Fig. [T] 

By using Eq. (U)-©, we can calculate the transform 
of the initial state 

(l«i) + |-«i»|t) (7) 

due to the boost i>2. Initially there is no entanglement 
between the velocity and spin parts of the state since 



they are written as a product. After the boost, the state 
is 

(cos w+ — i sin w + cos <f>) \v+) |t) + i sin lu + sin (f)\v + )\l) 
+ (cosw_ + isintj_ cos0) |u_)|f) — isinu;_ sin 0|z;_) |4-) , 

where w+ is given by pj), w_ = sin#/(— cosd + D), and 
the two velocity eigenstates v + and V- are the transfor- 
mations of Vi and —v\ respectively. 

It is clear that the velocity and spin components have 
now become entangled. We can quantify this by calculat- 
ing the entropy of entanglement S(p') = —Ti{p' log 2 p'}, 
where p' is the reduced density matrix, found by tracing 
out the spin component. Taking the limit of Vi,v 2 — > c, 
we get 

p' = l(\v+){v+\ + \v-){v-\) 

- ±<x*il>(\v + ){v-\-\v-){v + \), (8) 

which gives the entropy of entanglement as, 

S(p')=l - i(l + cos0)log 2 (l + cos(/.) 

- -(l-cos0)log 2 (l -cos<£). (9) 

This is plotted in Figure [2] When <j> — 0, we get S = 
(i.e. there is no entanglement between velocity and spin) 
and when <fi = tt/2, we get S = 1 (i.e. velocity and 
spin are maximally entangled). In general we see that 
the entanglement generated by the boost depends on the 
geometry. Interestingly, in this limit (vi,V2 — ► c), the 
degree of entanglement does not depend on the angle, 9 
between the two boosts, but only on the angle, (f>. 

Now that we have seen how the entanglement of a sin- 
gle spin-1/2 particle is transformed by general boosts, we 
can use these results to generalize previous work which 
considered how Cooper pair states are transformed pQ. 
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FIG. 2: Plot of Eq. Q. This shows the entropy of entan- 
glement between the spin and velocity components of a single 
spin-1/2 particle subjected to two boosts Vi , V2 — > c as a func- 
tion of the spin inclination angle cj>. 
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The reason for doing this is two-fold. Firstly it allows 
us to demonstrate by means of a simple example how 
the transformation of multiparticle states under relativis- 
tic boosts can be built up in a straightforward fashion. 
Secondly, it provides an intriguing insight into supercon- 
ducting systems. 

In standard BCS theory superconductivity is ex- 
plained in terms of the existence of entangled pairs of 
electrons called Cooper pairs. In conventional supercon- 
ductors, these electrons form a spin singlet with overall 
spin zero. However, in more exotic superconductors, they 
can form spin triplets with overall spin one. One poten- 
tial issue with superconductors is that they depend on 
the entangled state but, as we have seen, entanglement 
depends on the observer. However, there are certain fea- 
tures of superconductivity that we would not expect to 
be observer-dependent. For example the Meissner effect 
says that magnet field is expelled from the superconduc- 
tor and we would expect this to be true for all observers. 
Similarly, a magnet is known to levitate over a super- 
conductor due to the induced persistent electric flows on 
the surface of the superconductor. We would expect all 
observers to see the magnet levitating. These two ob- 
servations suggest that a superconductor should appear 
to be superconducting to observers in all inertial frames. 
The question is: how do we resolve this with the fact that 
different observers see different entangled states. 

A partial answer was provided in previous work pQ 
where it was shown that, for a particular geometry, a 
singlet Cooper pair acquires triplet components when 
subjected to relativistic boosts. This suggested that the 
superconductivity is preserved in different frames but ac- 
quires different forms. Here we consider the case of gen- 
eral geometries by direct calculation and will also con- 
sider what happens if we boost a spin triplet. For no- 
tational convenience, let us first define the singlet and 
triplet spin states respectively as, 
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|U> -il,t> 
lU} + II,f> 



lt,t>±lU> 



(10) 

(ii) 

(12) 



At this point we should issue a warning about our termi- 
nology. We will always use the terms singlet and triplet 
in their nonrelativistic sense as defined in ( 10 )-( 12 1. This 



is really an abuse of nomenclature since it is known that 
the spin operators have a different form in a relativis- 
tic frame and therefore so too do the singlet and triplet 
states. For an excellent discussion of this point see [15] . 
However, it is convenient to retain this terminology here 
and its meaning should be clear. 

Now suppose we start with a singlet (s-wave) Cooper 
pair, 

l*> = ^(K-«i> + |-«i.«i»|S>, (13) 



and boost in some arbitrary direction as shown in 
Figure 1. Using the single particle transforms discussed 
above, the state can be shown to be, 



I*) 



1 



{(!«+,«_) + |v_,«+»|s) 



v/2(i + r) 

iVf(\v+,v.) - |u_,«+))[sin</>|T_) + cos 0|T O )] j(14) 



where 



r (7! 2 -l)(7 2 2 -l) . . 
r = -. sin I 

(71 + 72 r 



(15) 



The top line of (14) is the just a singlet Cooper pair 



and the rest of the state is a spin-triplet. So the effect of 
the boost in any geometry (apart from 9 = 0, ir where the 
boost are collinear) is to include some triplet components 
in the state. If we consider the interesting limit v±,V2 — > 



c, we get r — > oo and ( 14 ) becomes 



I*) -> l(\v+,v-) - |« + ,«_))[sM|T_) + cos0|T o )].(16) 

In other words the Cooper pair singlet is completely con- 
verted into a triplet and this is true independent of the 
geometry of the boosts (as shown in Figure 1). The rel- 
ative weighting of the two triplets |T_) and |T ) does, 
however, depend on the polar angle <j>. We should note 
that, intriguingly, the transformed state when written 
in the eigenbasis of the Lorentz spin operator defined in 
[To] (as opposed to the nonrelativistic spin operators) re- 
mains as a singlet. In other words, such a Lorentz singlet 
transforms into itself under a Lorentz boost [16] . 

By our argument that the presence or otherwise of 
superconductivity should not depend on the observer's 
frame of reference, it is important that we check how 
spin-triplet Cooper pairs are transformed when subjected 
to general boosts. Again using the single particle results 
discussed above, we can directly calculate the transfor- 
mations. 

Starting with \T + ) we get, 



1 

71 
i 



\vx,-vx) - I - vx,v 1 ))\T + ) — ► 
\v+,V-) - \v-,v + ))[cos(u + - u-)\T + ) 



+isin(w+ - w_)(sin^|To) -cos<£|T_))]. (17) 

We see that this state remains as a triplet after the boost. 
However it acquires different triplet components that de- 
pend of the geometry. The other two triplet states trans- 
form as follows: 



>i,-«i) - | - «i,t>i))|T_) 



|u+,«-) - \v-,v + )) 



x[cos(w + ) cos(w_) + sin(w + ) sin(cj_) cos(2^>)|T_) 
— i sin(o; + — ui-) cos 4>\T+) — 2 sina;+ sinw_ sin </>cos < 
i 



~V2 



(\v+,v-) + \v-,v + ))[sm(u)+ + w_) sin 0| 5)]. 



|To>] 
(18) 
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and finally 

'\vi,-vi) - | - Vi,Vi))\T ) 



\v+,v-) - \v-,v+)) 



x [cos(w + ) cos(o;_) — sin(w+) sin(w_) cos (20) | To) 
+i sin(oj+ — LJ-) sin cj>\T+) — 2 sincj + sin w_ sin cos 0|T_)] 
i 



V2 



(\v+,v-) + |v_,w+))[sin(w+ + w_)cos0|S}]. 



(19) 



Each of these latter two transforms acquires singlet com- 
ponents as well as the other triplet components and the 
relative size of each of these parts depends on the geome- 
try of the system. This is consistent from what we would 
expect from the physical argument presented above. 

It is also interesting to consider the form of the trans- 
forms in the limit Vi , 1)2 — > c: 

(\vi,-vi) - I -v 1 ,v 1 ))\T + ) ->■ (\v+,vJ) - \v-,v + )) 
x[amd\T + ) + icos6»cos</>|T_) - i cos 6 wx(f>\T )], (20) 

(\v u -vi) - I - Vx,Vx))\T-) -> (\v + ,v-) - \v-,v+)) 
x[sin6»cos 2 0|T_) + i cos cos 4>\T + ) + - sin 6 sin 2<p\T )\ 



+(!«+,«_> + \v_,v + ))[-ismcf>\S)], 
and 



(21) 



\vi,-vi) - I - vi,vi))\T ) -> {\v + ,v-) - \v-,v + }) 
x[sin6»sin 2 0|r o ) - i cos 6>sin^|T + ) - - sin6»sin20|r_)] 



-({'"+, v-) + \v-,v+))[-ico&<j>\S)]. 



(22) 



If we compare these transforms with ( 16 ) for certain 



cases, there is a pleasing symmetry. In the case that the 
spin lies along the z-axis, i.e. = 0, (16) gives 



1 



(K,-ui) + I - 



>/2 



(23) 



and, ignoring global phases, (22) gives 



(\vi,-vi) - I - Wi,ui))|T ) — > 
-j=(\v+,v-) + \v-,v+))\S). 



(24) 



So, starting with the singlet we get the triplet |T ) and, 
starting with \Tq), we get the singlet. Similarly, if we 



consider the case that the spin lies in the plane defined 
by the two boosts, i.e. < 



7r/2, (16) gives 



1 

71 



(\Vi,-V!) + I - 



V2_ 



\v+,v-) - \v-,v + ))\T_) 



(25) 



and, ignoring global phases, (21) gives 



V2 



\vi,-vi) - I -v 1} vi))\T-) 



V2 



(\v + ,v-) + \ V -,v+))\S). 



(26) 



So, starting with the singlet we get the triplet |T_) and, 
starting with \T_), we get the singlet. As we saw above 
(20), the \T + ) and singlet states are not coupled by these 
boosts. We can also see this from (14). 



In conclusion, we have studied how the entanglement 
between the spin and velocity components of a single 
particle are transformed under the influence of pairs of 
relativistic boosts in completely general directions. In 
particular, we have seen that if spin and velocity are 
initially not entangled, they become entangled and the 
degree of entanglement depends on the magnitude and 
relative orientation of the boosts. In the limit that the 
boosts both approach c, the degree of entanglement de- 
pends only on the angle that the spin makes with the 
plane of the two boosts. 

We then extended this idea by using the single particle 
transforms to show how we could calculate the transfor- 
mation of multiparticle entangled states due to relativis- 
tic boosts in general geometries. We focussed in particu- 
lar on Cooper pair states and found that the singlet state 
acquires triplet components and that the magnitude of 
these depend on the geometry of the boosts. In the limit 
that both boosts approach c, the singlet is transformed 
completely into a triplet regardless of the geometry. Sim- 
ilarly we showed that initial triplet states acquire singlet 
components under pairs of relativistic boosts. This un- 
derstanding of how entanglement transforms in relativis- 
tic frames may help enhance our understanding of su- 
perconductivity as well as providing a valuable tool for 
developing a general quantum field theory description of 
entanglement. 
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